Abstract. Let C be a nonsingular projective curve of genus ≥ 2 over an algebraically closed field of characteristic 0. For a point P in C, the Weierstrass semigroup H(P ) is defined as the set of non-negative integers n for which there exists a rational function f on C such that the order of pole of f at P equals n and f is regular away from P . A point P in C is referred to as a Galois Weierstrass point if the morphism corresponding to the complete linear system |aP | is a Galois covering, where a is the smallest positive integer in H(P ). In this paper, we investigate the number of Galois Weierstrass points whose Weierstrass semigroups are generated by two positive integers.
Introduction and Theorem
A curve refers to a complete nonsingular algebraic curve over an algebraically closed field k of characteristic 0. A plane curve refers to a (complete nonsingular) curve in P 2 . Yoshihara introduced the notion of a Galois point for a plane curve as follows. Definition 1.1 ( [5, 8] ). Let C be a plane curve of degree d ≥ 3. For a point P ∈ P 2 , the projection π P : C → P 1 from P induces an extension of function fields π * P : k(P 1 ) ֒→ k(C). P is referred to as a Galois point for C if the extension is Galois. Moreover, when P ∈ C or when P ∈ C, the point is said to be an inner or outer Galois point, respectively.
There is a result on the number of inner Galois points as follows. Remark 1.1. There are also a result on the number of outer Galois points, and many other results on Galois points. See [5, 8, 2, 9] and so on.
Definition 1.2 ([6]
). Let C be a curve of genus g ≥ 2. A point P ∈ C is termed a Galois Weierstrass point (GW point), if the morphism Φ |aP | : C → P 1 corresponding to the complete linear system |aP | is a Galois covering, where a is the smallest positive integer of the Weierstrass semigroup H(P ) := {n ∈ Z ≥0 | ∃f ∈ k(C) such that (f ) ∞ = nP }.
We denote a, b as the numerical semigroup generated by elements a, b ∈ N.
Theorem 1.2 (Theorem 2.3 in [4]). If a point P is an inner Galois point for a plane curve
, then C is isomorphic to a plane curve and P is an inner Galois point. Remark 1.2. In [4] , we also characterized outer Galois points with the notation weak Galois Weierstrass points.
In this paper, we study the number of GW points whose semigroups are generated by two elements, as a generalization of Theorem 1.1. Our main theorem is the following. Theorem 1.3. Let a and b be integers such that a ≥ 3, b ≥ a + 2 and the greatest common divisor gcd(a, b) = 1. For a curve C we set GW a,b (C) := {P ∈ C | P is a GW point with H(P ) = a, b }.
Then we have the following:
(
Remark 1.3. In the case that b = a + 1, by Theorems 1.1 and 1.2, we have that #GW a,a+1 (C) = 0 or 1 if a ≥ 4, and #GW 3,4 (C) = 0, 1 or 4.
In Section 2, we describe some elementary inequalities and preliminary results on GW points. We use these results in the proof of Theorem 1.3. In Section 3, we prove Theorem 1.3. In Section 4, we describe some examples of GW points.
Preliminary
In this section, we describe some elementary inequalities and preliminary results on GW points.
Elementary inequality.
Let a, r ∈ N hold a ≥ 2 and gcd(a, r) = 1. For s ∈ R, we denote by [s] the greatest integer less than or equal to s. In this subsection, we show the following. Proposition 2.1. Let w 1 an w 2 be numbers as follows:
where g = (a − 1)(a + r − 1)/2. Then, (3a + 1)(
For the proof of Proposition 2.1, we state some Lemmas. 
(2)
Proof. Let ϕ be the map stated in Lemma 2.1.
(1)
Remark that, in each formula in Lemma 2.2, we can obtained the right-hand side from the left-hand side by replacing [lr/a] to (r − 1)l/a.
Proof. Remark that lr − [lr/a]a = ϕ(l) where ϕ is the bijective map stated in Lemma 2.1, and the map l → l + [lr/a] is strictly increasing. Hense,
Remark 2.1. We see that r ≡ a − 1 (mod a) if and only if w 1 = w 2 .
Proof of Proposition 2.1. By Lemmas 2.2 and 2.3, we have the following.
(3a + 1)(w 1 + (a + r)w 2 )
On the other hand, we have the following.
Hence, we conclude.
2.2. GW point. First, we state the structure of the function field of a curve having a GW point with a Weierstrass semigroup generated by two integers.
Lemma 2.4 (Lemma 2.3 in [4]). Let P be a GW point of a curve C with
For a point P in a curve C, we have that #(Z ≥0 \ H(P )) = g(C), where g(C) is the genus of C. Hence, if a curve C has a point P with H(P ) = a, b , then
Let π : C → C ′ be a cyclic covering of curves with a total ramification point P over P ′ . We can find H(P ′ ) from some H(P ) as follows.
Lemma 2.5. Let π : C → C ′ be a cyclic covering of degree t with a total ramification point P over P ′ . Then, we have
, which is a rational function on C. Then we get σ
where z is a local parameter at P with σ * z = ζz, here ζ is a primitive t-th root of unity. Then we obtain σ * f = 1/z th ′ + . . . , which implies that F = t/z
Lemma 2.6. Let a, b and t are positive integers with a < b, gcd(a, b) = 1 and t|a. Then, we have {h
Proof. Let h ′ ∈ a/t, b , i.e., h ′ = n · a/t + mb with n ∈ Z ≥0 and m ∈ Z ≥0 . Hence, we get th ′ = na + mtb ∈ a, b . Thus, we obtain a/t, b ⊂ {h ′ | th ′ ∈ a, b }. Let h ′ with th ′ ∈ a, b , i.e., th ′ = na + mb with n, m ∈ Z ≥0 . In view of t|a we have a = td for some d. Hence, we get mb = th ′ − na = th ′ − ntd = t(h ′ − nd). Since gcd(a, b) = 1 and t|a, we have gcd(t, b) = 1. Thus, we get t|m, i.e., m = td ′ for some d ′ . Hence, we have th
For a cyclic covering which is given by a GW point whose semigroup is generated by two integers, we can compute the Weierstrass semigroup of a ramification point as follows. 
and H := S . Then, now we have H ⊂ H(Q i ). Let
2, the number of elements of G is equal to
The number of elements of Z ≥0 \ H(Q i ) is equal to the genus of C, i.e., g(C) = (a− 1)(b − 1)/2 by Remark 2.2. Hence,
Remark 2.3. For a numerical a-semigroup H, i.e., H is a submonoid of (Z ≥0 , +) such that #(Z ≥0 \ H) < ∞ and a is the smallest positive integer in H, the subset {a, s 1 , . . . , s a−1 }, where s i = min{t ∈ H | t ≡ i (mod a)}, is referred to as the standard basis for H (Section 2 in [7] ). In the proof of Lemma 2.7, S is the standard basis for H(Q i ). The standard basis for H(P ) = a, b is {a, b, 2b, . . . , (a − 1)b}. We see that b ≡ a − 1 (mod a) (i.e.,r = a) if and only if H(Q i ) = a, b .
Proof of Theorem 1.3
In this section we prove Theorem 1.3.
3.1. The case that a + 2 ≤ b ≤ 2a − 2. We prove Theorem 1.3 for the case that a + 2 ≤ b ≤ 2a − 2. In this subsection, we assume that a ≥ 5, 2 ≤ r ≤ a − 2, gcd(a, r) = 1 and b = a + r. Proof. The standard basis for H is {a, a + r, 2(a + r), . . . , (a − 1)(a + r)}. Hence, the gap sequence of H is the following.
Hence, the weight of the gap sequence is the following.
Remark that b + 1 = a + r + 1 ≡ r + 1 (mod a). Letr := r + 1. 
Proof. We have that
By the calculation similar to that in the proof of Lemma 3.1, we have that the weight of the gap sequence equals w 2 . Proof. Assume that there exist two GW points P and Q with H(P ) = H(Q) = a, b . By Lemma 2.7 and Remark 2.3, the map Φ |aP | is a cyclic covering of degree a and is not ramified at Q. Let σ ∈ Aut(C) be a generator of the cyclic group Gal(Φ |aP | ) := {τ ∈ Aut(C) | Φ |aP | • τ = Φ |aP | }. Then, we can find a+ 1 GW points with the Weierstrass semigroup a, b , that is, these are P and σ i (Q) (0 ≤ i ≤ a−1).
Assume that there exist a+2 GW points P , σ i (Q) (0 ≤ i ≤ a−1) and R with the Weierstrass semigroup a, b . By the same argument as above, we can find 2a + 1 GW points with the Weierstrass semigroup a, b .
Assume that δ ≥ 2a + 2. By the same argument as above, we see that δ ≥ 3a + 1. By Lemmas 3.1 and 2.7, the cyclic covering with respect to each GW point has b + 1 total ramification points, and the sum of weights of these b + 1 points is equal to w 1 + bw 2 . Since the total weights of Weierstrass points is equal to (g − 1)g(g − 1) (Proposition III.5.10 in [1] ), we have that (3a + 1)(w 1 + bw 2 ) ≤ (g − 1)g(g − 1). This contradicts to Proposition 2.1.
Here we prove Theorem 1.3 for the case that a + 2 ≤ b ≤ 2a − 2, that is, we show the following Lemma. Assume that δ = a + 1. Let P i (0 ≤ i ≤ a) be these a + 1 GW points. Then, by the argument in the proof of Lemma 3.3, we have aP 0 ∼ a i=1 P i , where ∼ means linear equivalence. We also have aP 1 ∼ P 0 + a i=2 P i . Hence, (a + 1)P 0 ∼ a i=0 P i ∼ (a + 1)P 1 . However, a + 1 is a gap of H(P 0 ) = a, a + r . This is a contradiction.
Assume that δ = 2a + 1. Let P i (0 ≤ i ≤ 2a) be these 2a + 1 GW points. Then, by the argument in the proof of Lemma 3.3, we may assume
However, 2a + 1 is a gap of H(P 0 ) = a, a + r . This is a contradiction. 
Hence, by Castelnuovo's inequality, there exists a morphism ϕ : C → C ′ of degree t with 1 < t and t|a such that g Since P is a Galois Weierstrass point, the morphism g 1 a is a cyclic covering. Hence, the morphisms ϕ and g 1 a/t are also cyclic coverings of degree t and a/t respectively. We set P ′ = ϕ(P ). Then P is a total ramification point over P ′ . By Lemmas 2.5 and 2.6 we obtain H(P ′ ) = a/t, b . We have
Since g 1 a/t is not linearly equivalent to h 1 a/t , by Castelnuovo's inequality there exists a morphism ϕ 1 : C ′ → C ′′ of degree t 1 with 1 < t 1 and t 1 (a/t) such that g
a/t is a cyclic coverings, so are the morphisms ϕ 1 and g 1 a/(t1t) . We set P ′′ = ϕ 1 (P ′ ). Then we get H(P ′′ ) = a/(t 1 t), b . We can continue this process infinitely. Since a is bounded, this is a contradiction.
By Remark 2.3 and Lemmas 3.5, we conclude Theorem 1.3 for the case that 2a < b.
Lemma 3.6. Let C be a curve and P be a GW point on C with H(P ) = a, 2a− 1 , where 3 ≤ a. If Q is a point on C such that H(Q) is an a-semigroup, then the divisor aQ is linearly equivalent to aP .
Proof. Assume that aQ ∼ aP , where ∼ means linear equivalence. Let x, y ∈ k(C) such that (x) ∞ = aP and (y) ∞ = aQ. By the assumption, the field k(x) is properly contained in k(x, y).
Let ϕ : C → P 1 × P 1 be the morphism determined by the morphisms Φ |aP | : C → P 1 and Φ |aQ| : C → P 1 . Let C ′ be the nonsingular curve that is birational to the image ϕ(C). We consider the case where k(x, y) = k(C ′ ) is properly contained in k(C). By the same way to the proof of Proposition 3.5, we get a contradiction. Thus we obtain k(C) = k(x, y). Namely, C is birational to ϕ(C). Since the arithmetic genus of ϕ(C) equals g(C) = (a − 1) 2 , ϕ(C) is nonsingular. Thus, C is embedded in P 1 × P 1 . We set L := {a point} × P 1 ∈ Pic(P 1 × P 1 ) and M := P 1 × {a point} ∈ Pic(P 1 × P 1 ). Then we have C ∼ aL + aM . Moreover, we obtain L| C ∼ aP and M | C ∼ aQ.
We have an exact sequence 0 → O P (−C) → O P → O C → 0, where we set P = P 1 × P 1 . Hence, we get an exact sequence
Since nL − C ∼ nL − aL − aM = −aM + (n − a)L, by Künneth formula, we obtain
where for an integer s we set H i (s) := H i (O P 1 (s)). Hence, we get
and
which is distinct from the numerical semigroup a, 2a − 1 . This is a contradiction.
By Remark 2.3 and Lemma 3.6, we conclude Theorem 1.3 for the case that b = 2a − 1. Now we complete the proof of Theorem 1.3.
Example
We state some examples of Theorem 1.3.
Example 4.1. Let C ′ ⊂ P 2 be a singular plane curve defined by the equation
, where (X : Y : Z) is a system of homogeneous coordinates of P 2 . Then, C ′ has only one singular point P ′ := (0 : 1 : 0), which is a cusp. Remark that P ′ is an extendable Galois point for C ′ (For the definition of an extendable Galois point, see [3] ), in particular, k(C ′ )/π * P ′ (k(P 1 )) is Galois. Let ρ : C → C ′ be the resolution of singularities, i.e., the composition of blowups over P ′ , and P := ρ −1 (P ′ ). The genus of C equals g(C) = 4. We see that H(P ) = 3, 5 as follows. Let x, y ∈ k(C) be rational functions induced by X/Z and Y /Z, respectively. Then, (x) ∞ = 3P and (y) ∞ = 5P . Hence, H(P ) ⊃ 3, 5 . The number of elements of the gap sequence at P , i.e., #(Z ≥0 \ H(P )), equals g(C) = 4 and the number #(Z ≥0 \ 3, 5 ) also equals 4. So we have H(P ) = 3, 5 .
The morphism Φ |3P | : C → P 1 corresponding to the linear system |3P | is the composition π P ′ • ρ. Hence, Φ |3P | is a Galois covering and P is a GW point. By Lemma 2.7, we have that the Weierstrass semigroup H(Q j ) of a ramification point Q j := ρ −1 ((j : 0 : 1)) of Φ |3P | , j = 1, . . . , 5, is also 3, 5 . Every Q j is a GW point. By Theorem 1.3, we have GW 3,5 (C) = {P, Q 1 , . . . , Q 5 } Example 4.2. Let C ′ ⊂ P 2 be a singular plane curve defined by the equation
j=1 (X − jZ), where (X : Y : Z) is a system of homogeneous coordinates of P 2 . Let ρ : C → C ′ be the resolution of singularities. By an similar argument to that in Example 4.1, we have that P := ρ −1 ((0 : 1 : 0)) is a GW point with H(P ) = 3, 7 . Every ramification point Q j := ρ −1 ((j : 0 : 1)) of Φ |3P | , j = 1, . . . , 7, is also a GW point. However, H(Q i ) = 3, 8, 13 by Lemma 2.7. By Theorem 1.3, GW 3,7 (C) = {P }.
